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The Baire category of ideal convergent subseries and rearrangements of a divergent
series

Marek Balcerzak (�ód¹)

Let I be a 1-shift-invariant ideal on N with the Baire property. Assume that a series
∑
n xn with terms in

a real Banach space X is not unconditionally convergent. We show that the sets of I-convergent subseries
and of I-convergent rearrangements of a given series are meager in the respective Polish spaces. A stronger
result, dealing with I-bounded partial sums of a series, is obtained if X is �nite-dimensional. We apply
the main theorem to series of functions with the Baire property, from a Polish space to a separable Banach
space over R, under the assumption that the ideal I is analytic or coanalytic.

(These are results obtained together with Michaª Popªawski and Artur Wachowicz.)

Institute of Mathematics, �ód¹ University of Technology

Wólcza«ska 215, 93-005 �ód¹, Poland

marek.balcerzak@p.lodz.pl
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On generating regular Cantorvals connected with geometric Cantor sets

Artur Bartoszewicz (�ód¹)

We show that the Cantorvals connected with the q-Cantor sets are not achievement sets of any series.
However some of them are attractors of IFS consisting of a�ne functions.

(Joint results with Maªgorzata Filipczak, Szymon Gª¡b, Franciszek Prus-Wi±niowski and Jarosªaw Swaczyna.)

Institute of Mathematics, �ód¹ University of Technology

Wólcza«ska 215, 93-005 �ód¹, Poland

artur.bartoszewicz@p.lodz.pl
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Decomposition theorems using strong generalized derivatives

Zoltán Boros (Debrecen)

In this presentation we consider a sharpening of the decomposition theorem for strongly Q-di�erentiable
functions [1], and its counterpart in the theory of convexity. Our investigations are motivated by a related
paper of Broszka and Grande [2] as well as by Ng's celebrated decomposition theorem for Wright-convex
functions [3].

Let I denote an open interval in the real line, and let us consider a function f : I → R. For x ∈ I and
h ∈ R, we de�ne the lower and upper strong binary derivatives of f by

D�hf(x) = lim inf
y→x
n→∞

2n
(
f(y + 2−nh)− f(y)

)
and

D
�
hf(x) = lim sup

y→x
n→∞

2n
(
f(y + 2−nh)− f(y)

)
,

respectively. We call f strongly binary di�erentiable if

D�hf(x) = D
�
hf(x) ∈ R

holds for every x ∈ I and h ∈ R. We say that f has increasing strong binary derivatives if

−∞ < D
�
hf(x) ≤ D�hf(y) < +∞

holds for every h > 0 and x, y ∈ I such that x < y. These properties are characterized by the following
decomposition theorems:

Theorem 1. The function f is strongly binary di�erentiable if, and only if, there exist a continuously
di�erentiable function g : I → R and an additive mapping ϕ : R → R such that f(x) = g(x) + ϕ(x) for
every x ∈ I.

Theorem 2. The function f has increasing strong binary derivatives if, and only if, there exist a convex
function g : I → R and an additive mapping ϕ : R→ R such that f(x) = g(x) + ϕ(x) for every x ∈ I.

Applying these results, we characterize a�ne (respectively, Wright-convex) functions as locally approxi-
mately a�ne (respectively, locally approximately Wright-convex) functions in a speci�c sense. In particular,
we obtain a localization principle for these classes of functions.

References

[1] Z. Boros, Strongly Q-di�erentiable functions, Real Analysis Exchange, 27(1) (2001/2002), 17�25.
[2] D. Broszka, Z. Grande, On I-di�erentiation, Tatra Mountains Math. Publ., 35 (2007), 25�40.
[3] C. T. Ng, Functions generating Schur-convex sums, In: General Inequalities, 5 (Oberwolfach, 1986), Internat. Schriften-

reihe Numer. Math., 80, Birkhäuser, Basel, 1987, 433�438.

Institute of Mathematics, University of Debrecen, Hungary
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Achievement sets of absolutely summable sequences

Maªgorzata Filipczak (�ód¹)

Let (xn) = (x1, x2, . . .) be a sequence tending to zero. We will investigate the set of all subsums of the
series

∑∞
n=1 xn,

E(xn) =

{ ∞∑
n=1

εnxn : (εn) ∈ {0, 1}N
}
,

called the achievement set of the sequence (xn).

We will focus on monotone, absolutely summable sequences of positive terms for which the achievement
sets are neither �nite unions of intervals, nor nowhere dense sets. Particular attention will be paid to
achievement sets of so-called multigeometric sequences.

This leads us to study topological and measure properties of the fractal K = K(Σ; q), which is the
unique solution of the equation K = Σ + qK for a given �nite set Σ ⊂ N and a positive real number q < 1.

Faculty of Mathematics and Computer Science, �ód¹ University

Banacha 22, 90-238 �ód¹, Poland

malfil@math.uni.lodz.pl
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On higher-order and strongly convex functions

Attila Gilányi (Debrecen)

It is well-known that a real valued function f de�ned on an interval I is called convex if it satis�es the
inequality

f(tx+ (1− t)y) ≤ tf(x) + (1− t)f(y)

for all x, y ∈ I and t ∈ [0, 1], it is said to be Jensen-convex if it ful�ls

f

(
x+ y

2

)
≤ f(x) + f(y)

2

for all x, y ∈ I.
In this talk, we investigate various generalizations of the concepts above. In particular, based on the

corresponding de�nitions of E. Hopf (1926), T. Popoviciu (1934) and B. T. Polyak (1966), we consider
strongly convex, strongly Wright-convex and strongly Jensen-convex functions of higher order, we present
characterization theorems for them via (generalized) derivatives and we prove that the properties studied
are localizable.

University of Debrecen, Hungary

gilanyi.attila@inf.unideb.hu
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A stronger version of the Hadamard inequality

Edyta Hetmaniok, Michaª Ró»a«ski, Marcin Szweda, Roman Wituªa (Gliwice)

In 1893 Jacques Hadamard presented the following inequality connected with the determinant of Gram
matrix in the unitary space

Γ(x1, . . . , xn) = det

〈x1|x1〉 · · · 〈x1|xn〉...
. . .

...
〈xn|x1〉 · · · 〈xn|xn〉

 ≤ n∏
i=1

‖xi‖2.

The aim of our presentation is to introduce a few generalizations of this inequality. Among others, we have
obtained the inequality of the form

Γ(x1, . . . , xn) +

(
|〈xm|x1〉|

m−1∏
i=1

|〈xi|xi+1〉|

)(
|〈xn|xm+1〉|

n−1∏
i=m+1

|〈xi|xi+1〉|

)
≤

n∏
i=1

‖xi‖2.

An additional advantage of our research is the derivation of the following asymptotic relation for the
normalized vectors x1, . . . , xn of the given unitary space

lim
δ→0

1− Γ(x1, . . . , xn)

δ
= 1,

where δ =
∑

1≤i<j≤n |〈xi|xj〉|2.

Silesian University of Technology, Faculty of Applied Mathematics

Kaszubska 23, 44-101 Gliwice, Poland

Roman.Witula@polsl.pl
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On conditional polynomial functional equations

Judit Kosztur (Debrecen)

A function f de�ned on the real line R mapping into a linear space Y is called a polynomial function of
degree n if it satis�es the equation

∆n+1
y f(x) = 0

for all x, y ∈ R, where n is a �xed non-negative integer and ∆ is the di�erence operator de�ned by

∆1
yf(x) = f(x+ y)− f(x) (x, y ∈ R)

and, for a positive integer n,
∆n+1
y f(x) = ∆1

y∆n
yf(x) (x, y ∈ R).

In this talk, we consider the situation, when the equation above is valid for some special elements x, y ∈ R
only.

(Joint work with Katarzyna Chmielewska and Attila Gilányi.)

University of Debrecen, Hungary

kosztur.judit@science.unideb.hu
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On the Adams metric in the space of continuous functions of bounded variation

Stanisªaw Kowalczyk (Sªupsk)

Let C[0, 1] be the space of all continuous real-valued functions de�ned on [0, 1] with the supremum norm
‖f‖ = supt∈[0,1] |f(t)|. There are some natural operations on C[0, 1], for example, addition, multiplication,
minimum and maximum. In [7, 14, 15] such operations were investigated. All the operations are continuous
but only addition, minimum and maximum are open as mappings from C[0, 1]× C[0, 1] to C[0, 1].

Remark (Fremlin's example). [7] In 2004, D. H. Fremlin observed that for f : [0, 1]→ R, f(x) = x− 1
2 , one

has f2 ∈ B2
(
f, 12

)
\ IntB2

(
f, 12

)
. Hence multiplication is not an open mapping from C[0, 1]× C[0, 1] into

C[0, 1].

De�nition 1. [5, 7] A map between topological spaces is weakly open if the image of every non-empty open
set has a non-empty interior.

In [7] it is shown that the multiplication in C[0, 1] is a weakly open operation. This was generalized in
[11] for C(0, 1) and in [5] for C(X), where X is an arbitrary interval. In [10, 11] there are considered some
properties of multiplication and other operations in the algebra C(X) of real-valued continuous functions
de�ned on a compact topological space X. Properties of the product of open balls and of n open sets in
the space of continuous functions on [0, 1] are studied in [8] and [9], respectively. There is an increasing
interest in the study of concepts related to the openness and weak openness of natural bilinear maps on
certain function spaces. The reason of it may be that the classical Banach open mapping principle is not
true for bilinear maps. In [4], the authors show that multiplication from Lp(X)×Lq(X) onto L1(X), where
(X,µ) is an arbitrary measure space and 1

p + 1
q = 1, 1 ≤ p, q ≤ ∞, is an open mapping.

We study a problem, stated in [6], concerning openness and weak openness in the space CBV [0, 1] of
functions of bounded variation and in the space CBV [0, 1] of continuous functions of bounded variation,
both de�ned on [0, 1]. There are two natural norms in BV [0, 1] and CBV [0, 1]: the supremum norm
‖f‖ = supt∈[0,1] |f(t)| and the norm de�ned by variation, ‖f‖BV = |f(0)|+ V 1

0 (f), where

V ba (f) = sup
a=t0<t1<...<tn=b

n∑
i=1

|f(ti)− f(ti−1)|

is the variation of f on [a, b]. It is worth to mention that (BV [0, 1], ‖ ‖BV ) and (CBV [0, 1], ‖ ‖BV ) are
complete, whereas (BV, ‖ ‖) and (CBV, ‖ ‖) are not. In [13] some answers are presented. In [6] there were
stated questions concerning weak openness of multiplication in the space CBV [0, 1] with so-called Adams
metric.

De�nition 2. The Adams metric in CBV [0, 1] is de�ned by

%A(f, g) =

∫ 1

0

|f(x)− g(x)| dx+
∣∣V 1

0 (f)− V 1
0 (g)

∣∣ .
On �rst sight this metric is quite strange (in BV [0, 1], %A is only a pseudometric), but convergence in

%A is equivalent to so-called convergence in variation (see [1]). Moreover, convergence in Adams metric is
weaker than convergence in the norm de�ned by variation, ‖f‖BV = |f(0)|+ V 1

0 (f).

Theorem 3. If a sequence (fn)n∈N of functions from CBV [0, 1] is convergent to f ∈ CBV [0, 1] in Adams
metric then it is uniformly convergent.

Thus convergence in Adams metric is stronger than convergence in supremum norm ‖ ‖ and it is weaker
then convergence in the norm ‖ ‖BV .

Here are the most important results we obtained.

Theorem 4. Multiplication is a weakly open operation in the space (CBV [0, 1], %A).
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Theorem 5. Addition +: (CBV [0, 1], %A) × (CBV [0, 1], %A) → (CBV [0, 1], %A) is continuous at (f, g) if
and only if V 1

0 (f + g) = V 1
0 (f) + V 1

0 (g).

Theorem 6. Let f, g ∈ CBV [0, 1]. Then multiplication in (CBV [0, 1], %A) is continuous at (f, g) if and
only if V 1

0 (|f |+ |g|) = V 1
0 (|f |) + V 1

0 (|g|).

Thus the sets of continuity of addition and multiplication in (CBV [0, 1], %A) are incomparable.
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On approximately continuous functions attracting positive entropy at a point

Anna Loranty and Ryszard J. Pawlak (�ód¹)

During the talk we will concentrate on approximately continuous functions f : I→ I, where I = [0, 1].

We shall say that a function f : I→ I is approximately continuous at a point x0 ∈ I if there is a Lebesgue
measurable set A ⊂ I such that x0 is a density point of A and limA3x→x0

f(x) = f(x0). Clearly, if x0 = 0
(x0 = 1) then x0 is a right (left) density point of A. Moreover, if we additionally assume that an entropy
of f on A is equal to 0 then we obtain a 0-approximately continuous function at a point x0 which will play
a special role in our considerations.

It is commonly accepted that if the entropy is positive, the function is chaotic. The analysis of di�erent
examples of functions leads us to the interesting observation that chaos, and thereby entropy of a function,
may be focused around one point. There are a lot of theories, which emphasize the importance of the
problem connected with focusing the chaos on a set or at a point. During the talk apart from a classical
entropy of a function on a set we will consider also an entropy of a function on a set with respect to a
family of closed subsets of I.

Let F be the family of all closed sets in I. By FYc , where Y ⊂ I, we will denote the family of all
�nite sequences of sets from F consisting of pairwise disjoint sets which are contained in Y . If F =
(A1, . . . , Am) ∈ FYc and f : I→ I is a function then we de�ne a structural matrixMF,f = [aij ]

m
i,j=1 in the

following way: aij = 1 if Aj ⊂ f(Ai) and aij = 0 otherwise. A generalized entropy of f with respect to the
sequence F ∈ FYc is the number Hf (F ) = log σ(MF,f ) if σ(MF,f ) > 0 and Hf (F ) = 0 if σ(MF,f ) = 0,
where

σ(MF,f ) = lim sup
n→∞

n

√
tr(Mn

F,f ).

An entropy of f on Y with respect to the family F is the number

Hf (Y ) = sup

{
1

n
Hfn(F ) : F ∈ FYc

}
.

We shall say that a Darboux function f : I → I attracts positive entropy at point x0 ∈ I if for any ε > 0
there is δ > 0 such that for any Darboux function g ∈ B(f, δ) we have Hg(B(x0, ε)) > 0 (where B(x0, ε)
is a ball of radius ε and a center x0).

The results presented in our lecture will be connected, among others, with existence of a function g
lying �near" a function f and attracting a positive entropy at a �xed point of f . In addition, we will
require that the constructed functions have additional properties for example we will require that they are
0-approximately continuous at this point.

Faculty of Mathematics and Computer Science, �ód¹ University

Banacha 22, 90-238 �ód¹, Poland

loranta@math.uni.lodz.pl, rpawlak@math.uni.lodz.pl
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Achievement sets of conditionally convergent series

Jacek Marchwicki, Szymon Gª¡b, and Artur Bartoszewicz (�ód¹)

We call the set A(xn) =
{∑∞

n=1 εnxn : (εn) ∈ {0, 1}N
}
the set of subsums or the achievement set. By

SR(xn) = {
∑∞
n=1 xσ(n) : σ ∈ S∞} we denote the sum range. Due to Guthrie, Nymann and Saenz we

know that the achievement set of an absolutely summable sequence of reals can be a �nite set, a �nite
union of intervals, homeomorphic to the Cantor set or it can be a so called Cantorval. A Cantorval is a set
homeomorphic to the union of the Cantor set and sets which are removed from the unite segment by even
steps of the Cantor set construction.

Theorem 3. For sequences of reals with lim
n→∞

xn = 0 we have:

• A series
∑∞
n=1 xn is potentially conditionally convergent (both series of positive and negative terms

are divergent) if and only if A(xn) = R.
• A series of negative terms is convergent and a series of positive terms is divergent (or vice versa)
if and only if the achievement set of (xn) is a half line.

Considering the sets of subsums of series (or achievement sets) we show that for conditionally convergent
series the multidimensional case is much more complicated than that of the real line and we are still far
from the full topological classi�cation of such sets. Many surprising examples are presented and the ideas
standing behind them are catched in general theorems. We observe among others that for the achievement
set A(xn) of conditionally convergent series in R2 the following are possible.

• The intersection of A(xn) and SR(xn) could be a singleton and moreover we mention that it is
always nonempty set;
• A(xn) can be a graph of function;
• A(xn) can be a dense set in R2 with an empty interior;
• A(xn) can be neither Fσ nor Gδ-set;
• A(xn) can be an open set not equal to the whole R2.
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Approximation of real-valued non-additive measures

Oleh Nykyforchyn (Bydgoszcz), Inna Hlushak (Ivano-Frankivsk)

Capacities, or non-additive measures were introduced by Choquet [1] and found numerous applications
in di�erent theories. Spaces of upper semicontinuous capacities on compacta were systematically studied
in [2]. In particular, in the latter paper functoriality of the construction of a space of capacities was
proved and Prokhorov-style and Kantorovich�Rubinstein style metrics on the set of capacities on a metric
compactum were introduced. It turned out that not all metrics for additive measures are meaningful for
non-additive ones, hence in the sequel we consider the Prokhorov-style metric as re�ecting the best our
intuitive notion of one real-valued set function being close to another. Needs of practice require that
a capacity can be approximated with capacities of simpler structure or with some convenient properties.

We follow the terminology and notation of [2] and denote by expX the set of all non-empty closed
subsets of a compactum X. We call a function c : expX ∪ {∅} → I a capacity on a compactum X if the
three following properties hold for all subsets F,G ⊂

cl
X:

(1) c(∅) = 0;
(2) if F ⊂ G, then c(F ) ≤ c(G) (monotonicity);
(3) if c(F ) < a, then there is an open subset U ⊃ F such that for all G ⊂ U the inequality c(G) < a

is valid (upper semicontinuity).

If, additionally, c(X) = 1 (or c(X) ≤ 1) holds, then the capacity is called normalized (resp. subnormalized).
We denote by MX and MX the sets of all normalized and of all subnormalized capacities respectively.
We consider a metric on the set MX of subnormalized capacities on a metric compactum (X, d):

d̂(c, c′) = inf
{
ε > 0 | c(Ōε(F )) + ε ≥ c′(F ), c′(Ōε(F )) + ε ≥ c(F ), ∀F ⊂

cl
X
}
,

here Ōε(F ) is the closed ε-neighborhood of a subset F ⊂ X. This metric determines a compact topology
on MX [2]. We consider the following subclasses of MX:

1) M∩X is the set of the so-called ∩-capacities (or necessity measures) with the property: c(A ∩ B) =
min {c(A), c(B)} for all A,B ⊂

cl
X;

2) M∪X is the set of the so-called ∪-capacities (or possibility measures) with the property: c(A ∪B) =
max {c(A), c(B)} for all A,B ⊂

cl
X;

3) class MX0 of capacities de�ned on a closed subspace X0 ⊂ X; we regard each capacity c0 on X0 as
a capacity on X extended with the formula c(F ) = c0(F ∩X0), F ⊂

cl
X;

4) class MLipX of capacities that are non-expanding w.r.t. the Hausdor� metric on expX; and, �nally,
the most important

5) class PS of additive normalized regular measures.

Analogous subclasses are de�ned in MX, with the obvious denotations.

We will present methods for optimal approximation of an arbitrary non-additive measure with a capacity
from the above classes w.r.t. the Prokhorov-style metric.
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On almost everywhere convergence of multiple Fourier�Haar series

Giorgi Oniani (Kutaisi)

We will discuss optimal conditions guaranteeing an almost everywhere convergence of multiple Fourier�
Haar series by spheres and generally by homothetic copies of a �xed convex set.
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Uniqueness for the Vilenkin systems and problems of recovering of mixed type for
summable functions

Mikhail G. Plotnikov (Vologda)

Let P be any sequence of prime numbers, GP be the P-adic group, {γn} be the Vilenkin�Paley system
on GP , and µ be the normalized Haar measure on GP (see, for example, [1, 2]). The most known example
of such a group is the Cantor dyadic group for which the system {γn} is the classical Walsh system [2, 5].

Sets of uniqueness for the Vilenkin systems are studied in some works (see, for instance, [3, 4]). We
consider rearrangements of the Vilenkin systems. The following result is true: for any δ > 0 there exist
rearranged Vilenkin systems

{
γT (n)

}
having closed sets of uniqueness A with µ(A) > 1− δ and such that

lim
N→∞

# {n ∈ N : (n < N) & (T (n) = n)}
N

= 1.

The next statement is a recovering theorem of mixed type for summable functions: let A be the class of sets
A, and T be the family of rearrangements T , mentioned above. Consider a set A ∈ A, a rearrangement
T ∈ T, a function f ∈ L (GP), and the series S being the Fourier series of f with respect to the rearranged
Vilenkin system

{
γT (n)

}
. Suppose the series S converges to a �nite sum at every "P-adic rational" point

g ∈ GP \ A. Then there exists an e�ective procedure for recovering µ-almost all values of the function f
on the group GP from values of f on the set GP \A.
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Linear extensions of some Baire functions with values in vector spaces

Waldemar Sieg (Bydgoszcz)

Let X be the Hausdor� topological space and let Y be the separable Fréchet space. Let also ω = RN be
the space of all countable sequences with real values considered with the product topology. Let C(X,R)
denote the set of all real continuous functions on X. The set of all real functions with a closed graph is
denoted by U(X,R). Obviously C(X,R) ⊂ U(X,R). By F we denote a certain property of some family
of functions de�ned on X (i.e., continuity, closedness of the graph, etc.). Put F(X,Y ) = {f : X → Y :
f has the property F on X}. Let A be a nonempty subset of X considered with the topology induced from
X and let F(A, Y ) be a set of functions de�ned on A with the same meaning as F(X,Y ).

I consider the Borsuk�Dugundji type of extension theorem for piecewise continuous and closed graph
functions de�ned on A and with values in ω or Y . In 2010 we proved [6] that if X is a P -space (i.e.,
every Gδ-subset of X is open) then C(X,R) = U(X,R) and thus (formally) for every closed subset A of
X, every f0 ∈ U(A,R) can be extended to f ∈ U(X,R). This observation has led us to the conjecture
that a Tietze-type theorem should hold for the class of closed graph functions de�ned on some subsets of
the Hausdor� space X and with values in ω or Y . The conjecture is con�rmed in one of our main results,
where we've showed that there is an extension operator from U(A,ω) into U(X,ω).

The function f is piecewise continuous if there is a sequence (Wn) of closed subsets of X such that
X =

⋃∞
n=1Wn and all the restrictions f�Wn

are continuous. Since the sum of two closed sets is closed,
we can assume that the sequence (Wn) is upward. In the second part of the lecture I will talk about an
analogous linear extension operator for piecewise continuous functions with values in ω or Y .
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On some symmetric derivatives and integrals

Valentin A. Skvortsov (Moscow)

We present a survey of results related to properties and interrelation of some Perron type integrals
de�ned by various symmetric derivates and solving the problem of recovering the coe�cients of convergent
trigonometric series by generalized Fourier formulas. A special emphasis is given to classes of integrable
functions with continuous primitives. In particular we show that the Marcinkiewicz�Zygmund integral
de�ned by symmetric Borel derivative remains to be essentially more general than Burkill's SCP-integral
and James' P2-integral on such a class of integrable functions.
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On Haar-I sets

Jarosªaw Swaczyna (�ód¹)

In locally compact Polish groups there is a very natural σ-ideal of null sets with respect to the Haar-
measure. In non-locally compact groups there is no Haar measure, however Christensen in 1972 introduced
a notion of Haar-null sets which is an analogue of locally compact case. In 2013, Darji introduced a similar
notion of Haar-meager sets. During my talk I will present some equivalent de�nition of Haar-null sets
which leads us to joint generalization of those notions.

(This is joint work with Taras Banakh, Szymon Gª¡b and Eliza Jabªo«ska.)

Institute of Mathematics, �ód¹ University of Technology

Wólcza«ska 215, 93-005 �ód¹, Poland

jswaczyna@wp.pl

19



International Spring Conference on Real Analysis and its Applications

Ostromecko (Poland), May 29 � June 1, 2017

Comparison of some trigonometric integrals

Piotr Sworowski (Bydgoszcz)

An orthogonal series,

f(x) =

∞∑
n=1

anϕn(x).

If, for a given orthogonal system {ϕn}∞n=1 and given mode of convergence, the representation is always
unique, there arises a question how coe�cients of the series can be recovered from the sum f . Normally
a solution is provided with the Fourier formulae, but this is subject to integrability of f . In the case of a
trigonometric series,

f(x) =

∞∑
n=1

an cosnx+ bn sinnx,

convergence everywhere need not imply even the wide Denjoy integrability! It is so, e.g., for the series
∞∑
n=2

sinnx

lnn
.

By a trigonometric integral we mean any integral with the property that the sum of every everywhere
convergent trigonometric series is integrable.

Two trigonometric integrals, SCP- and AS-integrals, will be considered in connection with their consis-
tence. Two continuous inde�nite integrals, SCP-integral F1 and AS-integral F2, with the property that
F1 − F2 is a singular Cantor-like function, are constructed.

(Joint work with Valentin A. Skvortsov.)
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Ideal convergence and matrix summability

Jacek Tryba (Gda«sk)

We examine relationship between ideal convergence and matrix summability in the realm of bounded
and unbounded sequences. We present the Problem 5 from the Scottish Book [3], stated by Mazur, that
can be described as is the notion of statistical convergence of bounded sequences equivalent to some matrix
summability method?

We investigate the claims written by Mazur in the book that would lead to the negative answer to that
problem and present the results of Khan and Orhan [2], which gave us a positive answer to the Problem 5
from the Scottish Book.

We also examine ideals for which Mazur's false claim written in the book holds and show when ideal
convergence is equal to the intersection of some matrix summability methods. In particular, we solve a
problem posed by Gogola, Ma£aj and Visnyai [1].

(These results were obtained jointly with Rafaª Filipów.)

References

[1] J. Gogola, M. Ma£aj, T. Visnyai, On I(q)
c -convergence, Ann. Math. Inform., 38 (2011), 27�36.

[2] M. K. Khan, C. Orhan,Matrix characterization of A-statistical convergence, J. Math. Anal. Appl., 335(1) (2007), 406�417.
[3] R. Daniel Mauldin (ed.), The Scottish Book, Birkhäuser/Springer, Cham, 2015� Mathematics from the Scottish Café,

Including selected papers presented at the Scottish Book Conference held at North Texas State University, Denton, Tex.,
May 1979.

Institute of Mathematics, Faculty of Mathematics, Physics and Informatics, University of Gda«sk

Wita Stwosza 57, 80-308 Gda«sk, Poland

jtryba@mat.ug.edu.pl

21



International Spring Conference on Real Analysis and its Applications

Ostromecko (Poland), May 29 � June 1, 2017

On density type topologies

Renata Wiertelak (�ód¹)

Let R be the set of real numbers, N � the set of natural numbers. By λ(A) we shall denote the Lebesgue
measure of a measurable set A.

We shall say that a point x0 ∈ R is a density point of a Lebesgue measurable set A if

lim
h→0+

λ(A ∩ [x0 − h, x0 + h])

2h
= 1.

This notion was generalized in many ways. If we change the di�erentiation basis, then we obtain notion of
〈s〉-density topology [2], J -density topology [3]. The most general approach (from this point of view) was
presented in [6]. Namely, we say that x is an S = {Sn}n∈N-density point of a measurable set A, if

lim
n→∞

λ((A− x) ∩ Sn)

λ(Sn)
= 1.

The notion of density point was transfered to the family of Baire sets. In the paper [5] the following notion
was introduced. The point x is called an I-density point of a Baire set A if

χ 2
n (A−x)∩[−1,1](x)

I−→
n→∞

χ[−1,1](x).

Using the above notions, we can de�ne density type topologies. I would like to present similarities and
di�erences between them.
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Category analogues of the density topology

Wªadysªaw Wilczy«ski (�ód¹)

The lecture starts with a new characterization of a density point (with respect to measure). This
charaterization avoids measure, only the family of sets of measure zero is important. Then the notion of
an intensity point is introduced as a category analogue of a density point. It is proved that this notion is
incomparable with the I-density point used earlier in numerous papers. Basic properties of the intensity
topology and intensely continuous functions are studied. Many of them are similar, for example intensely
continuous functions are Darboux Baire one, however both topologies are not homeomorphic.
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On the limits of sequences of �wi¡tkowski functions

Julia Wódka (�ód¹)

We present a characterization of the uniform and pointwise limits of the sequences of �wi¡tkowski
functions.

Function f is a �wi¡tkowski function (f ∈ Ś) if for all a < b with f(a) 6= f(b), there is y between f(a)
and f(b) and x ∈ (a, b) ∩ C(f) such that f(x) = y. Fix A ⊂ R, an interval J ⊂ R and ε > 0. We say that
a function f : R→ R

• satis�es the condition S(J,A, ε) if for each a, b ∈ J with f(a) < f(b) there exists x ∈ A ∩ I(a, b)
such that f(x) ∈ (f(a)− ε, f(b) + ε);

• satis�es the condition S(A, ε) if the union of all open intervals J for which S(J,A, ε) holds is dense
in R.

Let S denote the class of all functions f ∈ Ba that satisfy the condition S(A, ε) for all residual sets A ⊂ R
and any ε > 0.

Theorem. Let f : R→ R.
• There exists a sequence {fn} of �wi¡tkowski functions such that fn ⇒ f if and only if f satis�es
the condition S(R, C(f), ε) for all ε > 0.

• There exists a sequence {fn} of �wi¡tkowski functions such that fn → f if and only if f ∈ S.
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